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Mass Density of Dp-branes
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It is shown that the generally covariant definition of mass equals the ADM mass
for Dp-branes.

As dynamical objects, Dp-branes play an important role in the study of
dualities in string theories [1,2]. The bosonic sector of the actions in the
effective low-energy theory for 10-dimensional type Il strings and 11-dimen-
sional supergravity is of the general form

=[x ms[r-tvgve - Lern] o

The p-brane solutions are those for (1) which possess (Poincaré)qy @ SO(D
— d) symmetry, d = p + 1. Let the spacetime coordinates be split into two
ranges. XM = (x*, y"), where x* (w = 0, 1, ..., p) are coordinates adapted
to the (Poincaré)y isometries on the worldvolume and wherey™(m =d, . . .,
D — 1) are the coordinates transverse to the worldvolume. The Ansatz for
the spacetime metric is

ds* = 0 dx* dx” m,,, + €50 dy™ dy" S 2

where r = /y™y™ is the isotropic radial coordinate in the transverse space.
The desired symmetry (Poincaré)y ® SO(D — d) isguaranteed, asis obvious.
A notable feature of the classical p-branes with appropriate electric or mag-
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netic Ansatz is that the are BPS saturated, in the sense that their ADM
mass equals the charge involved. This is very similar to the usual extreme
Reissner—Nordstrom solution, which can be called a 0-brane [3], in general
relativity. Since the the BPS saturated states are characterized by the fact that
they preserve some of the full supersymmetries and the energy-momentum P,
involved in the supersymmetric al gebra should have a coordinate-independent
definition, while the ADM mass definition is not covariant, it is therefore
nontrivial to check the BPS saturation by a covariant definition of energy-
momentum. We have such a definition at hand.

Using the general trandation dx* = e b? in curved spacetime and the
Nother theorem, a generally covariant definition of energy-momentum in the
vierbein formalism of Einstein general relativity was obtained in ref. 4. The
outline is as follows. Suppose that the spacetime is of dimension D and the
Lagrangian is in the first-order formalism [ denotes the Riemann indices
and a the tangent indices in Egs. (3)—(23)]

| = j DA, 9,4%) dOx 3)
G

where ¢* denotes the generic fields. If the action is invariant under the
infinitesimal transforms

X o= x4 8, GAX) = A(X) + 3PAX) (4)
(itisnot required that 3% = 0; seeref. 5), then the following relation holds:

8u<$8x” + Bod)A) + [££]¢A80¢A =0 (5)

00,4
where
[
A FIROG
and dod” is the Lie variation of ¢,

Bod™ = GAX) — HAK) = BHA(X) — a,pdx* @)

If &£ isthe total Lagrangian of the system, the field equations of ¢* is
just [£]4~ = 0. Hence from Eq. (5) we can obtain the conservation equation
corresponding to transforms (4),

[£]o~ = (6)

0L
99, o™

It is important to recognize that if & is not the total Lagrangian, e.g., the

9, (sgaxu + 80¢A> -0 (8)
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gravitational part £,, then so long as the action of &£, remains invariant
under transforms (4), Eq. (5) is still valid, yet Eq. (8) is no longer admissible
because of [£Lg]4~ # O.

Suppose that ¢$* denotes the Riemann tensors ¢/ and Riemann scalars
*; Eq. (5) reads

0L
(55 OXH + m’;x 5o¢5> + [£elgpdody = 0 9
[
Under transforms (4), the Lie variations are
ol = —BX e — ladX" (10)

where the dot comma denotes partial derivative. So Eq. (9) reads

[SB ox — a;’(i";; (Bx3 % + cb{fﬁx“)}

— [Lylop(3x5d0 + $R,0X) =0 (1)
Comparing the coefficients of 8x”, 8x}, and 5x),,, we obtain
W([Lolopdl) = [Lolopdhs (12)
Then Eqg. (11) can be written as

au[ifgé‘)x'* — au 70 (Ox45d% + &L ,dxY) — [$g]¢ﬁ¢’38x“] =0 (13)

or

o<
a{(&ﬁgé‘)ﬁ 33u¢A R, — [.§£g]¢ﬁ¢ﬁ>8x” - E% d)ASXV} =0 (149

By definition, we introduce

Tllf = _<$gaﬁ - aau(bA d))\v [‘%g]tbﬁd)ﬁ) (15)
~ 0¥,
A — A
W = o ¢ (16)
Then Eq. (14) gives
9, (Tdx + Vrdxy) = 0 (17)

So, by comparing the coefficients of 5x*, 3x',, and 8x’,,, we havethefollowing
from Eq. (15):
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9,14 =0 (18)
=9, U= -V (19)

Now suppose that dx* = e&*(X), with e an infinitesiaml constant parameter,
and &“(x) an arbitrary vector. Then it follows from Egs. (17)—(19) that

8,J"® = 0 (20)
where
i) = 3, (21)
and
= g (22)
Accordingly, we have the conserved charge associated with &,
Ql¢] = J jodx = J Vide;; dx (23)
s a3

If wechoose & = ele?, €2 = const, we can obtain the energy-momentum. This
definition has a number of advantages over noncovariant ones such as the
definitions of Landau and Einstein, etc. [6]. Applying this definition to the
N = 1 self-dua supergravity, the correct superalgebra is restored [7].

For the action (1), the conservation law reads (we adopt the same
convention for indices as in ref. 1)

T+t = VWY, oulV/—o(Th + )] = 0 (24)
Vil = 2[elfefon™ + (eliek — efefl)o] (25)

where TV + t) is the total energy-momentum tensor and the conservative
total energy (mass) is

E= J (T3 + t§)/—g dPx dP~dy
= J VWV /—g dPx dP-dy (26)

= J InVEN dPx dPdy

where \78“ = V§N/—g, T\ and t}} are the energy-momentum current for
matter and gravity, respectively, and o™ = €®wgys For our purpose, the
vierbein 1-forms for the metric ansatz are [1]
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et = e dxv, en = 50 dy™ (27)
and the spin-connection 1-forms are

ok = 0, o = e B0y A(r)et (28)

o™ = g B0y B(r)el — e BNy, B(r)e’
Thus we have by direct calculation
ok = 0, o = —de B9, A(r) + e BO(1 + d — D)a.B(r) (29)
Therefore
Vg = 267A+B)[(1 — d)aA — (1 + d)anBl (30)

whered = D — d — 2. For the specific solution

2d 2 k
= - = —-— = 4+ —
A(r) AD - 2) InH, B(r) AD - 2) InH, H=1 :
(31)
we have
akd 1
V8m — T e (A+2B) ﬁ r_)éT_z (32)
Since \78” depends only on r, EQ. (26) can be written as
E= J dPx € (33)
where
€ = J InVgm dC-dy = J d@-d-b 3, Vgm (34)

where d®-d-D 3m = dm d()(C-4-1_Using lim,__.. H(r) = 1, we caculate

4kd
€ = T Q(D—d—l) (35)
This mass density, i.e., energy/(unit p-volume) agrees with the ADM mass
density exactly.

In this paper, we evaluated the mass density of the general Dp-branes
in string/M-theories. Though for fixed transverse radius r, the p-brane in the
whole D-dimensional spaceisflat, the reduced mass density onit is not zero.
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